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Abstract— Sensor network localization (SNL) is a challenging
problem due to its inherent non-convexity and the effects of
noise in inter-node ranging measurements and anchor node
position. We formulate a non-convex SNL problem as a multi-
player non-convex potential game and investigate the existence
and uniqueness of a Nash equilibrium (NE) in both the ideal
setting without measurement noise and the practical setting
with measurement noise. We first show that the NE exists and
is unique in the noiseless case, and corresponds to the precise
network localization. Then, we study the SNL for the case with
errors affecting the anchor node position and the inter-node
distance measurements. Specifically, we establish that in case
these errors are sufficiently small, the NE exists and is unique.
It is shown that the NE is an approximate solution to the
SNL problem, and that the position errors can be quantified
accordingly. Based on these findings, we apply the results to
case studies involving only inter-node distance measurement
errors and only anchor position information inaccuracies.

I. INTRODUCTION

Accurate information regarding the location of nodes
within wireless sensor networks (WSNs) is essential in
diverse applications, such as target tracking and detection
[1], environment monitoring [2], area exploration [3], data
collection, as well as cooperative robot tasks [4]. A common
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approach for sensor localization involves utilizing (noisy)
ranging information obtained through signal transmission
techniques, such as time of arrival, time-difference of arrival,
and strength of received radio frequency signals [5]. Also,
there are anchor nodes with known global positions [6]. Then
a sensor network localization (SNL) problem is defined as
follows: Given the positions of the anchor nodes of the WSN
and the measurable information among each non-anchor
node and its neighbors, find the positions of the rest of non-
anchor nodes.

In localization tasks, sensor nodes use distance measure-
ments and computational abilities to estimate their positions
through interactions, enabling the SNL problem to be for-
mulated with game theory [7]-[9]. The Nash equilibrium
(NE) is a key solution concept characterizing a profile of
stable strategies in which rational players would not choose
to deviate from their own strategies [10], [11]. Specifically,
potential games are well-suited to describe individual pref-
erences and network interactions in SNL (see [7], [12]). The
potential game paradigm guarantees an alignment between
the individual sensor profits and the network objective by
exploiting a unified potential function. Then, it is possible
to find the NE corresponding to the global optimum for the
whole WSN rather than a local approximation.

It is worth noting, though, that the effects of the noises
in inter-node ranging measurements and the inaccuracies in
anchor node position information are an intrinsic challenge
of SNL problems, which, unfortunately, cannot be readily
avoided by potential games or other modeling approaches.
The inter-node distance measurements between sensor nodes
are often subject to inevitable uncertainties like transmission
interference or time delay, leading to measurement errors
[13]. Besides, many existing studies assume precise anchor
positions to estimate the location of the rest of the sensor
nodes. However, in many scenarios, anchor positions may not
be accurately known. This is often attributed to the reliance
on the Global Positioning System (GPS) or other positioning
systems for determining anchor positions, which may cause
estimation errors [14].

A fundamental problem in such noisy SNL problems is
whether a given sensor network can be uniquely localized.
The uniqueness of localizability is usually revealed using
graph rigidity theory [15]. When the measurement informa-
tion is exact, the generically global rigidity of the grounded
graph guarantees the uniqueness of NE, corresponding to the
precise localization of the network. However, in the presence
of noise, there may exist multiple sets of non-congruent

979-8-3503-1633-9/24/$31.00 ©2024 IEEE 4494

Authorized licensed use limited to: KTH Royal Institute of Technology. Downloaded on January 09,2026 at 11:33:58 UTC from |IEEE Xplore. Restrictions apply.



sensor localizations that satisfy the provided inaccurate mea-
surements. The presence of noise may perturb the rigidity of
the graph, resulting in flip ambiguities or even no solution to
the problem. Such a localization problem with measurement
errors has been considered in some existing works. Lui et
al. [14] studied an uncertain SNL problem with Gaussian
distributed disturbances and used the semi-definite program-
ming relaxation technique to solve the formulated maximum
likelihood estimation problem. Then, Naddafzadeh-Shirazi
et al. [16] considered a similar formulation and employed
second-order cone programming to seek a robust solution
with complexity reduction. On the other hand, Anderson et
al. [6] investigated an SNL problem with errors in inter-node
distance measurements and transformed it into a minimiza-
tion problem to reveal the relation between errors in positions
and errors in distance measurements. However, [14] and
[16] do not formally study how noise affects the deviation
of sensor positions from the true values, while [6] do not
consider the uncertainty in anchor node positions.

The main objective of this paper is to study the solution to
the noisy SNL problem. We focus on the case when the inter-
node distance measurements and anchor position information
are subject to some errors, presumably on account of the
measurement process. Specifically, we formulate the non-
convex SNL problem as a potential game and investigate
the existence and uniqueness of NE in both the ideal setting
with accurate anchor node location information and accurate
inter-node distance measurements and the practical setting
with anchor location inaccuracies and distance measurement
noise. We first show that the NE exists and is unique in
the noiseless case, corresponding to the precise network
localization. Then we study SNL for the case with errors in
anchor node position and inter-node distance measurements.
We establish that if these errors are sufficiently small, the
NE exists and is unique. It is shown that the NE is an
approximate solution to the SNL problem, and that the
position errors can be quantified accordingly. Then, we apply
the results to case studies involving only inter-node distance
measurement errors and only anchor position information
inaccuracies.

II. PROBLEM FORMULATION

In this section, we first introduce the noisy inter-node
range measurement based SNL problem of interest and then
formulate it as a potential game.

A. Noiseless SNL problem

Consider a static sensor network in R? composed of M
anchor nodes whose positions are known and N non-anchor
sensor nodes whose positions are unknown (M < N). Let
a graph G = (N, &) represent the sensing relationships
between sensors, where A is the sensor node set and £ C
N x N is the set of edges that represent the sensor node
pairs whose range measurements are available. Specifically,
N =N, UN, = {i}}¥,, where N = N + M, N, =
{1,...,N}and N, = {N +1,...,N + M} correspond to
the sets of non-anchor nodes and anchor nodes, respectively.

Let 2} € R? denote the actual position of sensor node i € N
with * = col{z;}ienr. For a pair of sensor nodes i and
J» their Euclidean distance is denoted by d7;. Each sensor
has the capability of sensing range measurements from other
sensors within a fixed range R, and & = Ess U Eus U Eua
with & = {(i,5) € Ny x N; : |lof — af]| < Rs,i # j}
denoting the edge set between non-anchor nodes, £,s =
{(i,1) € Ny x Ny : ||z — 2}|| < Rs} denoting the edge
set between anchor nodes and non-anchor nodes, &,, =
{(I,m) € Ny x Ny, # m} denoting the edge set between
anchor nodes. The range-based SNL task in the noiseless
case is to determine the accurate positions of all non-anchor
sensor nodes ¢ € N, when all anchor node positions z},

* *

I € N, and measurements d;;, d;; are given:
find z,...,zy € R?
2 2\ s
s.t. ”xl - x]H = d:] 7V(7’»]) € Ess, (D

i — 27 ||* = di?, ¥(3,1) € Eas.

Denote ! = col{le, o ,x}f\,} € R?V as the solution to
noiseless SNL problem (1).

B. Noisy SNL problem

In practical scenarios, the anchor positions are usually
obtained through GPS or other positioning systems, thereby
causing position information inaccuracies. For [ € N, let
anchor node [’s position be measured as

e N,

where z} is the actual position of [ and ¢, € R? represents
the position information inaccuracy.

Consider the errors in the squares of inter-node distance
measurements, similar to [6]. For each non-anchor node pair
(i,7) € Ess, the square of the measured distance between
them is denoted by

x] ::L'?+€l,

2 2
di; = di; + g,
where 11;; € R represents the measurement error. For each

anchor-non-anchor node pair (i,1) € &g, the estimated
distance between them is denoted by

2 2
dy = dif” + pit,
where p;; € R represents the measurement error. Here, p;; €

R captures anchor [’s position uncertainty and is formulated
in the form

pir = llell® = 2d3 [[erllcos(8ir) + e,
where 6;; € [0, 7] is the deviation angle from vector z} — x}
to vector €;, e;; € R is a bias term. It is clear that if anchor
positions are perfectly known, then ¢, = 0 for [ € N, and
hence u;; = e;;.

On this basis, given the inaccurate locations z; of anchor
nodes and all noisy distance measurements d;;, d;;, we aim to
determine the locations of all non-anchor nodes and thereby
formulate the noisy SNL problem:

find ;vl,...7xN€R2
S.L. sz - zj”z =d; V(Z,j) € Ess, )

177
i — 2||? = d2,V(i,1) € Eus.

179
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Accordingly, denote &f = col{z!,... 2%} € R2N as the
solution to the noisy SNL problem (2).

A fundamental problem in noiseless and noisy SNL prob-
lems is the existence and uniqueness of solutions = and
and their relationship with actual solution «*. To this end,
we formulate (2) as a multi-player potential game to reach

x' and 2% from a game-theoretic perspective.

C. Potential game formulation

Here we formulate the noisy SNL problem as an N-
player SNL potential game G = {N, {Q bien., {Jibient. }
where N = {1,..., N} corresponds to the player set, ; is
player ¢’s local feasible set, which is convex and compact,
and J; is player #’s payoff function. In this context, we
map the position estimated by each non-anchor node as
each player’s strategy, i.e., the strategy of the player ¢ (non-
anchor node) is the estimated position x; € (2;. Denote
[P Hf\;Qz C RN, 2 & col{zy,...,xn} € Q as
the position estimate strategy profile for all players, and
x_; = col{xy,...,xi 1,Ti01,..., 2N} C R*(V=1) ag the
position estimate strategy profile for all players except player
i. For i € N, the payoff function .J; is constructed as

Ti(wix—i)=Y (lei—al=d5)*+ ) (lei—ail*~d3)?,
JEN LEN

where the first term in J; measures the localization accuracy
between non-anchor node 7 and its non-anchor node neighbor
j € N! and the second term measures the localization
accuracy between i and its anchor neighbor [ € N?.

The individual objective of each non-anchor node is to
ensure its position accuracy, i.e.,

xr?elgl Ji(xi,@_y). 3)

Moreover, consider the following measurement of the

overall performance of sensor nodes

D(x1,...,2N) 4)
2 2
= > (e —* =)’ + Y (o —ail® = d3y)?
(i,5)€Ess (i,1)EEqs
2 *
= Y (=l = (d] +pi5))?
(3,7)EEss
+Y s — (@ +e) |- (d57 el *—2d7 lerl|cos(8a }+ein))>.
(i,0)EEqs

Here, J; denotes the localization accuracy of node ¢, which
depends on the strategies of ¢’s neighbors, while ® denotes
the localization accuracy of the entire network G.

From a game-theoretic perspective, each sensing agent is
considered as a selfish entity who simply tries to minimize
its own payoff function. For this N-player game to provide
a solution to localize the whole sensor network, each non-
anchor node needs to consider the location accuracy of the
whole sensor network while ensuring its own positioning
accuracy through the given information. On this basis, we
formulate G = {Ng, {Qi}tien.,{Ji}icn.} as a potential
game, where ¢ in (4) satisfies the concept of a potential
function [17], i.e

Szl ;)= (v,x_y) = Ji(x),x_;)— Ji (xix_;), (5)
for every i € N, = € £, and unilateral deviation xi € ;.
This indicates that any unilateral deviation from a strategy
profile always results in the same change in both individual
payoffs and a unified potential function. In other words, the
individual goal J; is aligned with the global objective ®.

Moreover, to attain an optimal value for J; (x;,x_;),
players need to engage in negotiations and alter their op-
timal strategies. The best-known concept that describes an
acceptable result achieved by all players is NE [10], [18].

Definition 1 (NE) A profile ° = col{z?,...,2%} € Q@ C
R2N is said to be an NE of game (3) if for any i € N,

Ji (zf,2°,) < J; (zi,2%,) . Vo € Q. (6)

We call NE as global NE due to the non-convex SNL
formulation in this paper. This is different from the concept
of local NE [19], which only satisfies condition (6) within a
small neighborhood of x? for ¢ € N, rather than whole ;.

Definition 2 (local NE) A strategy profile x° is said to be
a local NE of (3) if there exists a constant v > 0 such that
for any i € N,

J(xoas )<J(wl,

where B.(z0) £ {y € R? : |y — af| < r} is an open
Euclidean ball with radius v and center x¥.

©). Vi € QN B(zf). (D

In order to reveal the relations between NE x, noiseless
node positions «! and noisy node positions x*, we need
to utilize graph rigidity theory [15] to make the following
generic and feasible assumption.

Assumption 1 The sensor topology graph G is undirected
and generically globally rigid.

The generic global rigidity of G has been widely employed
in SNL problems without measurement noises to make the
geometric realization of the graph invariant, which indicates
unique localization of the sensor network [15], [20].

D. Existence, uniqueness, and errors of the solution

As for the noiseless case, the global rigidity of the sensor
network graph in Assumption 1 guarantees that (1) has a
unique solution 2! equal to the actual positions 2* [20]. We
uniformly use x* to represent ' hereafter.

However, in the noisy case, obtaining the relationship
among z°, xt, and z* is not as straightforward. The
presence of noise may perturb the rigidity of the graph,
resulting in flip ambiguities or even no solution to the
problem. Fig. 1(a) considers a case with inaccuracies in
anchor node position information. The red pluses denote the
true anchor node locations, while the blue stars represent
the true non-anchor node locations. The grey lines indicate
connections in this configuration. On the other hand, the red
circles denote the noisy anchor node location information,
while the green circles denote the computed noisy non-
anchor node locations. The dashed lines indicate the noisy
inter-node distance measurements. It can be seen that both
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anchor positions and inter-node distances among nodes in
the actual configuration are close to those in the noisy
one. However, the calculated or estimated positions of the
non-anchor nodes become flipped compared to the actual
positions. Furthermore, consider another case with errors
in both anchor node position information and inter-node
distance measurements. As shown in Fig. 1(b), even small
errors may lead to the final localization results deviating
largely from the actual positions.

(@ (b)

A sensor network with two non-anchor nodes and three anchor
nodes in two configurations.

Fig. 1.

Instead, consider a threshold for measurement noises such
that if the errors in anchor node position and inter-node
distance measurements do not exceed it, the extreme cases
mentioned above would not occur and the node positions
would remain close to the correct values. Therefore, the
questions of interest to us are as follows:
(i) Under what conditions on noise levels does there exist
a unique NE 2 and when does it correspond to the
solution of the SNL problem (2)?

(i) How do the errors between actual positions * and NE
x¢ depend on the measurement noise amplitudes?

III. EXISTENCE AND UNIQUENESS OF NE

In this section, we investigate the existence and uniqueness
of global NE x°. For the noiseless case, the following
theorem reveals that the global NE ¢ exists and is unique,
corresponding to the actual non-anchor nodes’ positions x*.

Theorem 1 Under Assumption 1, there exists a unique NE
x® of the game G, which satisfies x? =z} for i € Ny and
xp = af forl € Ny if pij =0 for (i,) € Ess, s = 0 for
(1,7) € Eus and ¢, = 0 for | € N,.

On the other hand, when the measurement noises arise, we
investigate under what conditions of noise levels a unique
local NE exists and is near the true sensor node locations.
Denote p = col{pij} i jee... € = col{eatines,,, € =
colfer}ien, o = col{pi; = 0} jyee... €0 = col{eq =
0} (i,1yee,.» €0 = col{e; = 0}ien,. The following lemma is
established for the SNL problem with measurement noise.

Lemma 1
i) Let Assumption 1 hold. Then, there exists a small pos-
itive 0 and positive constants a, b and ¢ depending on
0 such that for any constant uncertainty vectors u, e,
and e satisfying al|p||? + b|le||® + c||e||* < 5, there is
a unique solution & = col{Z1,...,in} € Q C R of
the equations V® = 0 satisfying ||& — x*||*> < 6.

ii) Let Assumption 1 hold. Then, for constant uncertainty
vectors p, € and €, the solution & is a local NE (with
respect to ) of ®(x, pu, e, €).

Lemma 1 indicates that small magnitudes of measurement
noises and uncertainty vectors will not disrupt the global
rigidity of the graph, i.e., the positive definiteness of the
Hessian matrix V2®. Accordingly, the deviation of a local
NE from the actual sensor positions will be bounded and
continuously converge to zero as the errors in anchor node
position information and inter-node distance measurements
approach zero. Moreover, we can establish that when the
measurement errors are constrained, the local NE & is
also the unique global NE 2¢, which corresponds to the
unique solution a* of noisy SNL problem (2). Moreover,
the position errors between NE 2 and actual positions x*
can be quantified, as detailed in the following theorem.

Theorem 2 Let Assumption 1 hold. There exists a small
positive § and positive constants a, b and c¢ depending on ¢
such that if p, e, and € satisfy al|p||* +b|le||® + c|[€]|® < 6,
then

i) there exists a unique NE x°, which is equal to xt;
ii) the NE z© satisfies |x® — x*||? < 6.

Theorem 2 shows that when the measurement noises are
not large, the NE is unique and returns sensor position esti-
mates that are close to the actual positions. This establishes
that a network can be approximately localized when the inter-
node distance measurements and anchor node positions are
contaminated with sufficiently small errors.

It is important to determine the value of § and the
parameters of a, b, and ¢ for the NE. We first introduce
the following notations.

Let Bs, (x*) denote the ball around x* defined by ||z —
x*||* < 61, where 01 is a positive constant. Let B (x*)
denote the complementary set || —x*||> > 6;. Observe that
for all p1, e and € with a||p||* +b||e[|* +c||e||* < 1, Lemma
1 guarantees that & € B, (x*). Let &1 be defined by

D, = min z; —ai||? — dr2)? 8
1 mi,iE./\/s,mEBg (z*) Z (” jH Zj) ( )
1 (27])6555
2
+ Y (s —afl* = )
(i,1)EEqs

On the other hand, consider also a collection of minimiza-
tion problems, parameterized by a nonnegative constant Jo,
with variables x, p, e and e:

Py = min Z (s — 2512
@1 i€N s wEBE, (@) allul > +bllel>+elel?<sz | £
2
—di7 — pij)® +Z(||wi—(wz*+6z)ll —(d;? +lel?
(i,0)EEqs
—2d5 || €r||cos (B +eir)) 2. 9)

Then, we propose the following algorithm to determine
the value of §, where R denotes a large enough constant.

There are three reasons for limiting the value of 4.

1) To ensure the positive definiteness of V2®. Note that
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Algorithm 1

Initialization: error bounds d;, d-, constants a, b, ¢ and R,
uncertainty vectors p, €, and €

1) Input: 61, a, b, and ¢, pu, e and € with al|u||? +b|e||*+
clle]* < &1
Solve: while V2®(x, i, e,€) <0 do
reset 01, i, e and € such that al|u|>+b]|e||*+
clle]|* < &
end while

solve (8) and obtain ®; and ¢
Output: %(I)l, 01

2) Input: 61, 62, a, b, ¢, R, %@1
Solve: while 65 > 0 do
solve (9) and obtain ®
if ®; > 1®, for all 6, < &
52 = 51
break
else
choose &, such that ®y = 1P
break
end if
end while
Output: o
3) Input: error bound &, 3P,
Solve:  § :=min{dy, ;®1}
Output: §

V2® is positive definite at (g, €9, €p), but may cease to
hold well away from this point. Thus, we need to limit the
size of 7 in Step 1 of Algorithm 1.

2) To avoid getting stuck into local NE in noisy sensor
localization. In the noiseless case, there may exist a local
NE (denoted as &), whose value ®(&) differs from zero by
a small amount. The coordinate values corresponding to local
NE z are different from those corresponding to the global NE
2% = x*. Then, when the noise levels are slowly increased
from zero, the coordinate values corresponding to the global
NE z° may jump at some noise level to the coordinate values
corresponding to local NE . To avoid this situation, we
should take allp|? + b|le||* + c|l€||> < d2 < d; to ensure
®(z) is not smaller than ®;. Therefore, ®(&) should be
larger enough than ®(z?).

3) To ensure that the global NE x° in noisy sensor
localization is close to the real localization x*. To achieve
this, we should take a||p||>+b|le]|? +c||€[|? < @1, s0 as to
let ®(x®) not greater than $®;. Hence, =¥ is not far from
the actual positions x*.

To determine the values of a, b and ¢, we can follow two
steps. Firstly, we can employ the implicit function theorem
[21] or Lipschitz continuity to obtain a, b, and ¢ based on
Lemma 1. Secondly, we compare them respectively with
a =1,b =2and ¢ = 32R%2. If a < 1 or b < 2 or
c < 32R2, then we set @ = 1, b = 2 and ¢ = 32R?;
otherwise, we keep them unchanged. The reason for limiting
a, b, and ¢ is not only to satisfy ||£® —x*| < & but also to
ensure ®(z9) < 1@,

Finally, we apply our results in two case studies. In the
case that the anchor’s positions are perfectly known, i.e., € =
€ = col{O}yX;’l, the results in Theorem 2 can be simplified.

Corollary 1 Under Assumption 1, there exists a small pos-
itive § and positive constants a depending on 0 such that if
€ = €y and p and e satisfy ||| + ||le]| < 9, then the NE of
SNL problem (3) is unique and ||® —x*|| < a(||p|| +|le])).

In the case that the inter-node distance measurement errors
are zero, i.e., u = py = col{j;j = 0}(; j)ce,, and e = eg =
col{ei = 0}(;,1yee, .. We have the following results.

Corollary 2 Under Assumption 1, there exists a small pos-
itive § and positive constants b depending on & such that if
B = po e = eq and € satisfies ||€|| < d, then the NE of
SNL problem (3) is unique and ||x® — z*|| < b||€]|.

IV. NUMERICAL EXPERIMENTS

2 * 2 *
* Non-anchors-real JON
+ Anchors-real AN
15 * 15 &
1 1 / \
* Non-anchors-real
+ Anchors-real
05 05| | © Non-anchors-noise
™| © Anchors-noise
+ r"‘ ,,,,, -
o ) OQ—,—,», Lty
0 0.5 1 1.5 2 0 0.5

(a) True localization (b) Noisy localization

Fig. 2. The true localization and noisy localization results.

Consider an SNL problem with noisy measurements. Take
N = 2 non-anchor nodes and M = 3 anchor nodes.
The original configuration is shown in Fig. 2(a). The true
positions of anchor and non-anchor nodes are represented
by blue stars and red pluses respectively, consistent with
Fig. 1. The gray lines indicate connections between nodes.
Following the procedures in Alg.1, we set 6 = 0.1, a =1,
b =32, c=2and get § = 0.1. The corresponding noisy
localization result is shown in Fig. 2(b). We can see from Fig.
2(b) that when the measurement errors satisfy the condition
in Theorem 2, the position errors between computed results
and actual ones are also small.

Next, we consider another configuration with N = 7
non-anchor nodes and M = 3 anchor nodes [8]. Fig. 3
shows the noisy localization results under different error
bounds. As § ranges from 0.01 to 0.2, the noisy localization
result (shown as green circles) gradually deviates from the
true values (shown as blue stars), while its graph structure
remains globally rigid, similar to the true one. However,
when § exceeds 0.5, the graph structure gradually becomes
distorted. Particularly, at § = 2, such measurement errors
completely disrupt the final computation results.

V. CONCLUDING REMARKS

In this paper, we have studied the solution of the SNL
problems with noisy measurements. By formulating a non-
convex SNL potential game, we have investigated the ex-
istence and uniqueness of NE in both ideal settings with
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accurate anchor node location information and accurate inter-
node distance measurements and practical settings with an-
chor location inaccuracies and distance measurement noise.
In the noiseless case, we have shown that the NE exists and is
unique, and corresponds to the precise network localization.
In the case involving errors in anchor node position and
inter-node distance measurements, we have established that
if these errors are sufficiently small, the NE exists and
is still unique, providing an approximate solution to the
SNL problem. Moreover, the position errors from NE to the
precise network localization can be quantified, providing that
the measurement errors are constrained by a small bound.

In follow-up works, we plan to extend our results to
more complex scenarios including i) designing an NE-
seeking algorithm with global convergence, ii) generalizing
the model to a distributed case, and iii) exploring milder
graph conditions.
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